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a b s t r a c t
The effective relations and the relation type of an ideal generated by two regular elements
can be expressed in terms of the ring of global sections of the blowing-up along the ideal.
As a consequence, we find the minimal overring where the ideal is syzygetic or of linear
type.
© 2008 Elsevier B.V. All rights reserved.
Let A be a commutative ring with identity and let I = (x, y) be the ideal generated by two regular elements (nonzero
divisors). In this paper we show that all the information concerning the relation type of I can be expressed in terms of the
ring of global sections of the blowing-up of A along I . In the meantime, we generalize a result of Mirbagheri and Ratliff on
the kernel of the morphism Φx/y : A[T ] → A[x/y], formerly considered by Nagata. As a consequence, we find the minimal
overring B of A such that IB is syzygetic or of linear type. We begin by recalling some terminology.
Let R(I) = ⊕n≥0 In be the Rees ring of I . The blowing-up of A along I is the projective scheme X = Proj(R(I)) of all
graded prime ideals ofR(I) not containingR(I)+ = ⊕n>0 In, which is covered by the affine open sets D+(x) and D+(y). The
ring of global sections of X , say ΓI , is Γ (X,OX ) = Γ (D+(x),OX )∩Γ (D+(y),OX ) = A[y/x] ∩ A[x/y], taking the intersection
inside the total quotient ring Q (A) of A. Clearly, ΓI does not depend on the chosen generators of the ideal I .
Let α : S(I)→ R(I) be the canonical surjective graded morphism between the symmetric algebra of I and the Rees ring
of I . The ideal I is of linear type if α is an isomorphism and I is syzygetic if α2 is an isomorphism. For n ≥ 2, the module of
effective n-relations of I is defined as E(I)n = ker(αn)/I · ker(αn−1). The minimum integer r ≥ 1 (possibly infinite) such
that E(I)n = 0 for all n ≥ r + 1 is called the relation type of I and is denoted by rt(I). Clearly, I is of linear type if and
only if rt(I) = 1 and I is syzygetic if and only if E(I)2 = 0. Given f : A[X, Y ] → R(I), a surjective graded morphism
from the polynomial ring A[X, Y ] to the Rees ring of I , one can show that the module ker(fn)/X · ker(fn−1)+ Y · ker(fn−1) is
isomorphic to the module E(I)n of effective n-relations of I and in particular is independent of f . If I = (x, y)with x regular,
then E(I)n ∼= xIn−1 : yn/xIn−2 : yn−1 (see [2, Proposition 3.2]).
Let t ∈ Q (A) and consider the morphism Φt : A[T ] → A[t] that sends the variable T to the element t . If r ≥ 0, let
Ar [T ] ⊂ A[T ] be the submodule of polynomials of degree at most r and denote by Ar [t] ⊆ A[t] the submodule defined as
Φt(Ar [T ]). Nagata proved that if A is integrally closed, then ker(Φt) is generated by linear polynomials [5, 11.13] and Ratliff,
in [6], gave necessary and/or sufficient conditions for ker(Φt) to have a linear base. Subsequently, Mirbagheri and Ratliff
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proved that ker(Φx/y) has a linear base if and only if ΓI = A [4, 2.5]. In particular, since A ⊂ ΓI is an integral extension (see
e.g. [3, Section 1–2, Exercise 4]), if A is integrally closed, then ker(Φx/y) has a linear base.
Our main result is the following.
Theorem 1. Let A be a ring. Let I = (x, y) be an ideal of A generated by two regular elements x, y ∈ A. Let r ≥ 1 and set t = x/y.
Then, the following conditions are equivalent:
(i) rt(I) ≤ r.
(ii) ΓI = Ar−1[t] ∩ Ar−1[t−1].
(iii) ker(Φt : A[T ] → A[t]) is generated by polynomials of degree r or less.
In particular, if A is noetherian, then ΓI is a finitely generated A-module.
Remark that for r = 1, I being of linear type, ΓI = A, and the kernel of Φt having a linear base are three equivalent
conditions.
Also, as a consequence of Theorem 1 one obtains the next result. For the sake of completeness, we write the proof, which
closely follows that of [4, 2.8]. Recall that an overring of A is a ring containing A and contained in Q (A); note that regular
elements in A continue to be regular in any overring.
Corollary 2. Let A be a ring. Let I = (x, y) be an ideal of A generated by two regular elements x, y ∈ A. Then ΓI is the smallest
overring B of A such that IB is of linear type.
Proof. If B = ΓI , B[x/y] = A[x/y] and B[y/x] = A[y/x]. So B[x/y] ∩ B[y/x] = B. By Theorem 1, (ii) ⇒ (i), applied to B,
rt(IB) = 1. On the other hand, let B be a ring, A ⊂ B ⊂ Q (A), such that IB is of linear type. By Theorem 1, (i)⇒ (ii), applied
to B, B = B[x/y] ∩ B[y/x] ⊇ A[x/y] ∩ A[y/x] = ΓI . 
Before proving the theorem we state the following easy lemma.
Lemma 3. Let A be a ring. Let I = (x, y) be an ideal of A generated by two regular elements x, y ∈ A. Set t = x/y and let
J = ker(Φt) be the kernel of Φt : A[T ] → A[t]. For an integer r ≥ 1, denote by Jr the sub-A-module J ∩ Ar [T ]. Then,
(a) (J, T )A[T ] ∩ A = tA[t] ∩ A.
(b) (Jr + TAr−1[T ]) ∩ A = tAr−1[t] ∩ A.
(c) tAr−1[t] ∩ A = xIr−1 : yr .
Proof. Considering the isomorphism A[T ]/J ∼= A[t] induced byΦt , it is clear that the contraction of tA[t] in A is equal to the
contraction of (J, T )A[T ]/J in A, hence it coincides with (J, T )A[T ] ∩ A. This proves (a). The proof of (b) is analogous. Finally
remark that a = tq(t) = (x/y)q(x/y) ∈ A, with q(T ) ∈ Ar−1[T ], is equivalent to ayr ∈ xIr−1, which proves (c). 
Proof of the Theorem. Suppose that (i) holds and let us prove that An[t]∩Am[t−1] = An−1[t]∩Am[t−1] = An[t]∩Am−1[t−1]
for all n,m ≥ r . Take z = p(x/y) = q(y/x) in An[t] ∩ Am[t−1], p(T ) ∈ An[T ], q(T ) ∈ Am[T ]. Let an, bm ∈ A be
the leading coefficients of p(T ) and q(T ). Multiplying p(x/y) = q(y/x) by xmyn one deduces an ∈ yIn+m−1 : xn+m and
bm ∈ xIn+m−1 : yn+m.
Since rt(I) ≤ r , then an ∈ yIr−1 : xr and anxr = yf (x, y) where f (X, Y ) ∈ A[X, Y ] is a form of degree r − 1.
Therefore an · (xn/yn) = anxrxn−r/yn = yf (x, y) · xn−r/yn = f (x, y) · xn−r/yn−1, which clearly belongs to An−1[x/y]
and hence z = p(x/y) ∈ An−1[x/y]. Analogously, bm · (ym/xm) ∈ Am−1[y/x] and z = q(y/x) ∈ Am−1[y/x]. Since
ΓI = A[x/y] ∩ A[y/x] = ∪n,m≥0 An[x/y] ∩ Am[y/x], one has ΓI = Ar−1[x/y] ∩ Ar−1[y/x]. This proves (i)⇒ (ii).
Suppose (ii) holds. First, remark that A[t] ∩ A1[t−1] = ΓI ∩ A1[t−1] = Ar−1[t] ∩ Ar−1[t−1] ∩ A1[t−1] = Ar−1[t] ∩ A1[t−1].
Now, let us see that tA[t] ∩ A = xIr−1 : yr . Indeed, if a ∈ tA[t] ∩ A, then a = tp(t), for some p(T ) ∈ A[T ]. So
ay/x = p(x/y) ∈ A[t] ∩ A1[t−1] which we have just seen is equal to Ar−1[t] ∩ A1[t−1]. Therefore, ay/x = q(x/y), with
q(T ) ∈ Ar−1[T ]. Thus ayr = xyr−1q(x/y) ∈ xIr−1 and a ∈ xIr−1 : yr . This proves one inclusion; the other follows from
Lemma 3. In particular, and by Lemma 3 again, (J, T )A[T ] ∩ A = tA[t] ∩ A = xIr−1 : yr = tAr−1[t] ∩ A = (Jr + TAr−1[T ])∩ A.
From here, the proof of (iii) follows easily. Indeed, take p(T ) ∈ Jn for some n ≥ r+1 and let us prove, by induction on n, that
p(T ) is in JrA[T ], the ideal of A[T ] generated by Jr . Write p(T ) = a−Tq(T )with a ∈ A. Then a = p(T )+Tq(T ) ∈ (J, T )A[T ]∩A,
which is equal to (Jr + TAr−1[T ]) ∩ A. Thus a = f (T )+ Tg(T )with f (T ) ∈ Jr and g(T ) ∈ Ar−1[T ]. Then p(T ) = a− Tq(T ) =
(f (T )+Tg(T ))−Tq(T ) = f (T )+T (g(T )−q(T )). Denote g(T )−q(T ) by h(T ). Since p(T ), f (T ) ∈ J , then h(T ) ∈ J . Moreover,
since p(T ) has degree at most n and f (T ) has degree at most r , with n ≥ r + 1, then h(T ) ∈ J has degree at most n − 1. By
induction on n, h(T ) ∈ JrA[T ] and so p(T ) = f (T )+ Th(T ) ∈ JrA[T ].
Let us prove (iii) ⇒ (i). Take a ∈ xIn−1 : yn for some n ≥ r + 1. By Lemma 3, a ∈ tAn−1[t] ∩ A and a = tq(t), for
some q(T ) ∈ An−1[T ]. Define p(T ) = a − Tq(T ) which is in J . By hypothesis (iii), p(T ) = ∑ pi(T )fi(T ), with pi(T ) ∈ Jr and
fi(T ) ∈ A[T ]. Write pi(T ) = pi(0) + Tgi(T ) with gi(T ) ∈ Ar−1[T ]. Substituting zero for T we have a = p(0) = ∑ pi(0)fi(0),
and from pi(0) = pi(T ) − Tgi(T ), we get a = ∑(pi(T ) − Tgi(T ))fi(0) ∈ (Jr + TAr−1[T ]) ∩ A. By Lemma 3 again, we obtain
a ∈ tAr−1[t] ∩ A = xIr−1 : yr . So E(I)n = 0 for all n ≥ r + 1.
Finally, remark that if A is noetherian, then rt(I) = r is finite. Thus ΓI ⊆ Ar−1[t], which is a finitely generated A-module.
Therefore ΓI is also a finitely generated A-module. 
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The next proposition says that the module E(I)n of effective n-relations of I can also be expressed in terms of ΓI .
Proposition 4. Let A be a ring. Let I = (x, y) be an ideal of A generated by two regular elements x, y ∈ A. Let n ≥ 2 and set
t = x/y. Then
E(I)n ∼= An−1[t] ∩ A1[t−1]/An−2[t] ∩ A1[t−1].
Proof. By Lemma 3, xIn−1 : yn = tAn−1[t] ∩ A. Through the multiplication map by t−1, tAn−1[t] ∩ A is isomorphic
to An−1[t] ∩ t−1A, which is included in An−1[t] ∩ A1[t−1]. Thus, for each n ≥ 2, one has a morphism of A-modules
ψn : (xIn−1 : yn) → An−1[t] ∩ A1[t−1] defined by ψn(a) = at−1. In particular, it induces a morphism on the quotients:
ψn : (xIn−1 : yn)/(xIn−2 : yn−1) → (An−1[t] ∩ A1[t−1])/(An−2[t] ∩ A1[t−1]). It is not difficult to see that ψn is an
isomorphism. 
Example 5. Let A = k[a, b2, b9, a2b7, a3b5, a4b], where a and b are indeterminates over the field k. Let I = (x, y), where
x = a and y = b2. Set t = x/y = a/b2. Then one can check that A = A1[t] ∩ A1[t−1] = A2[t] ∩ A1[t−1] and that
A3[t] ∩ A1[t−1] = A[t] ∩ A1[t−1] = k[a, b2, b9, a2b7, a3b3, a4b]. By Proposition 4, E(I)2 = E(I)3 = 0, E(I)4 6= 0 and
E(I)n = 0 for all n ≥ 5. Thus α2 and α3 are isomorphisms and rt(I) = 4. Moreover A2[t] ∩ A2[t−1] = k[a, b2, b9, a2b5, a4b]
and ΓI = A3[t] ∩ A3[t−1] = A[t] ∩ A[t−1] = k[a, b2, b9, ab7, a2b5, a3b3, a4b].
The next somewhat surprising result is analogous to the Corollary 2, where the linear type condition has been changed
by the syzygetic one.
Proposition 6. Let A be a ring. Let I = (x, y) be an ideal of A generated by two regular elements x, y ∈ A. Set t = x/y. Then
A1[t] ∩ A1[t−1] is the smallest overring B of A such that IB is syzygetic. In particular, A1[t] ∩ A1[t−1] does not depend on the
chosen generators of I.
Proof. Set C = A1[t] ∩ A1[t−1], which is clearly a submodule of ΓI , A ⊂ C ⊂ ΓI ⊂ Q (A). Let us see that C is a ring. Take
a, b ∈ C , a = a1 + a2t = a3 + a4t−1 and b = b1 + b2t = b3 + b4t−1, with ai, bj ∈ A. Then ab = (a1 + a2t)(b1 + b2t) =
a1b1+ (a1b2+a2b1)t+a2b2t2. But a2b2t2 = (a3−a1+a4t−1)b2t . Thus ab = a1b1+ (a1b2+a2b1)t+ (a3−a1+a4t−1)b2t =
(a1b1 + a4b2)+ (a2b1 + a3b2)t ∈ A1[t]. Analogously, and by symmetry, ab ∈ A1[t−1] and ab ∈ A1[t] ∩ A1[t−1] = C .
Now let us prove that IC is syzygetic. By Proposition 4, it is enough to prove that C1[t] ∩ C1[t−1]/C = 0. So take
u ∈ C1[t] ∩ C1[t−1]. Then u = a + bt = c + dt−1 with a, b, c, d ∈ C = A1[t] ∩ A1[t−1]. Thus a = a1 + a2t = a3 + a4t−1
and b = b1 + b2t = b3 + b4t−1 with ai, bj ∈ A. Then u = (a1 + a2t) + (b1 + b2t)t = a1 + (a2 + b1)t + b2t2. But
b2t = b3 − b1 + b4t−1. Therefore u = a1 + (a2 + b1)t + (b3 − b1 + b4t−1)t = (a1 + b4)+ (a2 + b3)t ∈ A1[t]. Analogously,
and by symmetry, u ∈ A1[t−1]. Thus u ∈ A1[t] ∩ A1[t−1] = C .
Finally, suppose that B is an overring of A such that IB is syzygetic. Then E(IB)2 = 0 and, by Proposition 4 again, this
implies B = B1[t] ∩ B1[t−1] ⊇ A1[t] ∩ A1[t−1] = C . 
The next example shows that A2[t] ∩ A2[t−1], although it may be a ring, it is not the smallest overring B of A such that
αB3 : SB3(IB)→ (IB)3 is an isomorphism.
Example 7. Let A = k[s4, s5, s6, s7], where s is an indeterminate over the field k. Let I = (x, y), where x = s4 and
y = s5. Set t = x/y = 1/s. Then y/x = s satisfies an integral equation of degree four (four being the minimum of such
degrees). Using [2, Lemma 6.4], one deduces that rt(I) = 4. By Theorem 1, A2[t] ∩ A2[t−1] A3[t] ∩ A3[t−1] = ΓI ,
which, it is easy to see, is equal to k[s]. On the other hand, one can see that xA : y = (s4, s5, s6, s7) and xI3 : y4 = A.
So xA : y = xI : y2 = xI2 : y3  xI3 : y4 = A. Therefore E(I)2 = E(I)3 = 0 and E(I)4 ∼= k. In particular, I is syzygetic, α3 is
an isomorphism and A = A1[t] ∩ A1[t−1]. A straightforward computation shows that A2[t] ∩ A2[t−1] = k[s2, s5], which
is a ring, but is not the smallest overring B of A such that αB3 : SB3(IB) → (IB)3 is an isomorphism, since αA3 is already an
isomorphism.
The next proposition relates ΓI with the condition of α2, α3, . . . , α2n being isomorphisms.
Proposition 8. Let A be a ring. Let I = (x, y) be an ideal of A generated by two regular elements x, y ∈ A. Set t = x/y and
n ≥ 1. Then α2, α3, . . . , α2n are isomorphisms if and only if A = An[t] ∩ An[t−1].
Proof. If n = 1 and α2 is an isomorphism, by Proposition 4, 0 = ker(α2) = E(I)2 ∼= A1[t] ∩ A1[t−1]/A. So A =
A1[t] ∩ A1[t−1]. Suppose that n > 1 and α2, α3, . . . , α2n are isomorphisms. In particular, xI2n−1 : y2n = xA : y. Now,
take z = a0 + a1t + · · · + antn = b0 + b1t−1 + · · · + bnt−1 ∈ An[t] ∩ An[t−1]. Multiplying by xnyn, one deduces that
bn ∈ xI2n−1 : y2n = xA : y. Thus bny = cx, for some c ∈ A, and bnyn/xn = cyn−1/xn−1 ∈ An−1[t−1]. By symmetry,
anxn/yn ∈ An−1[t] and z ∈ An−1[t] ∩ An−1[t−1]which, by induction, is equal to A.
Conversely, if n = 1 and A = A1[t] ∩ A1[t−1], then, by Proposition 4, ker(α2) = E(I)2 ∼= A1[t] ∩ A1[t−1]/A = 0. So α2
is an isomorphism. Suppose that n > 1 and that A = An[t] ∩ An[t−1]. By induction, α2, α3, . . . , α2n−2 are isomorphisms. In
particular, xI2n−3 : y2n−2 = xA : y. Take now a ∈ xI2n−1 : y2n. Then ay2n = b1xy2n−1 + b2x2y2n−2 + · · · + b2nx2n, bi ∈ A.
Multiplying by 1/xnyn, one gets an element z = at−n−b1t−n+1−· · ·−bn = bn+1t+· · ·+b2nt2n. Thus z ∈ An[t] ∩ An[t−1] = A
where z = a(yn/xn)− b1(yn−1/xn−1)− · · · − bn. Since n ≥ 2, 2n− 2 ≥ n and a ∈ xIn−1 : yn ⊂ xI2n−3 : y2n−2 which is equal
to xA : y. Therefore a ∈ xA : y, xI2n−1 : y2n = xA : y and α2, α3, . . . , α2n are isomorphisms. 
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The next example is suggested from the discussion of Costa in [1, p. 156]. Here we have an intermediate module
An[t] ∩ An[t−1]which is not a ring.
Example 9. Take k = Q, s = exp(2pi i/p), with p ≥ 5 a prime number, and K = Q(s). Let B = K [Y ] be the polynomial
ring in an indeterminate Y over K . Let A = k + YB. Clearly A ⊂ B = A[s] is an integral birational extension. Moreover,
there does not exist a ring C such that A C  B. For if C is a ring A C ⊂ B, there exists β ∈ C ⊂ B such that β 6∈ A
and A A[β] ⊂ C . Write β = β0 + Yβ1, β0 ∈ K , β1 ∈ K [Y ]. Then A[β] = A[β0] = k[β0] + YB. But since k ⊂ K is an
algebraic extension of prime degree, k[β0] = k(β0) = K and A[β] = B. Now take I = (x, y) the ideal in A generated by
x = sY and y = Y . Hence t = x/y = s and tp = 1. By [1, Theorem 3], α2, α3, . . . , αp−1 are isomorphisms. In particular,
E(I)2 = E(I)3 = · · · = E(I)p−1 = 0. Since t = x/y satisfies an integral equation of degree p ≥ 5 (p being the minimum of
such degrees), by [2, Lemma 6.4], the relation type rt(I) of I = (x, y) is p. In particular, E(I)p 6= 0, αp is not an isomorphism
and E(I)n = 0 for all n ≥ p + 1. By Proposition 4, A = Ap−2[t] ∩ A1[t−1] Ap−1[t] ∩ A1[t−1] = A[t] ∩ A1[t−1]. Set
q = (p − 1)/2. Since α2, α3, . . . , α2q are isomorphisms, by Proposition 8, A = Aq[t] ∩ Aq[t−1]. Remark that p ≥ 5 implies
that 2(p − 2) ≥ p + 1 and q = (p − 1)/2 < p − 2. Thus A = Aq[t] ∩ Aq[t−1] ⊆ Ap−2[t] ∩ Ap−2[t−1]. Since rt(I) = p,
by Theorem 1, Ap−2[t] ∩ Ap−2[t−1] Ap−1[t] ∩ Ap−1[t−1] = ΓI = B. Moreover, A Ap−2[t] ∩ Ap−2[t−1] because if not, by
Proposition 8, α2, α3, . . . , α2(p−2) would be isomorphisms and, in particular, αp would be an isomorphism, which it is not.
In particular, since there are no rings between A and B, the module Ap−2[t] ∩ Ap−2[t−1] is not a ring.
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